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8. l LagrangeTheorem

Group Action
G - a group S - a set /

ACS) - tf :S → s tf is bijective 's

Det G is acting ou S ( left action)
Stoup operation is

the group operation is
means that we have a homomorphism the composition of

G → ACS) functions
-

g to Bg

Group homomorphism : for every aES@g.o Sga) Ca) = egg,g, Ca)-
for every egg.EE/yg.C9gaCas)--bg.gaCa)

Notation : Instead of yoga) we will write g. a ( ga sometimes)-
.

G. (ga. a) = (g. ga) . a

gig,a = g.gaa
Examples

D
,
acts on the square

Sn acts on his . . . .
n b



G acts on itself
eggex) -- GI

G → ACG)

g to Sg egg : G → e left regular representation
x us gx

Terminology
g is acting ou S

is called the orbit of × .

For xes the set h g. x Ige G S E S =

The The relation on 5 defined by
X ng iff x and y belong to the same orbit
is an equivalence

Phe - reflexive x ~ x because e.x = x

/ homomorphism G → A Cs)
for every XES takes identity ee G to the

identity in ACS), which is
the identity map .



- symmetric If x is on the orbit
if xny then you x of y ,

then y is on
the

orbit of x

x -- g. y , g E G

act with g-
'

:

g-
'

r x = of:(g. y)

g-tx = g-
'

g. y
-

- e.y -- y
- -

- transitive ×my
y
-

- g
"

. x

you z } imply xnz
x -- gy

y=h.is/x--g.Ch.zjx--gH
a Z gh EG

Coz If G acts on 5 ,

then

S is partitioned into a union of orbits (equivalence classes) .



Gx 2et k be a subgroup of G

K acts on G K→ a(G) hog = kg
k t Bee (g ↳ kg>

•bitka= h ka I ke k b E G orbit of a E G

In particular , the orbit of identity EEG is

←

like Ik E K 's = 4k the K's = K
Specific
Toxample G - DL has a subgroup 45in I be e- %} - K

| **" "E " "

I
"

Emt i Tat:hi%¥Fg%T"
Orbits - the orbit of xE th is

} b-wit x I be E Rb = h y l y= x Cueod 5) )

- congruence class leeodulo 5 - Ex]
-

of x 5

K¥k5 - orbits ( equivalence classes)
The set - the group G is partitioned into the orbits



G. = U ka This partition of a group into
aEG non- overlapping orbits is called

right coset decomposition

The orbits
- ka - eosets

Left action of a subgroup KC G on the group G
-

yields right coset decomposition

K is one of the corsets (the orbit of ee G)

All coset are of the same size
-

a coset ka -- h ka the KS E G

The eeeap K → Ka

k tr ka is a bijection of sets : multiplication
from the right by a-

'

performs
Tf k is finite , then ,

the inverse map kaa.iq

for every ae-
G
, K ← Ka

Ka has the same amount

of elements as k k ←I ka



Def Index [G : k] of a subgroup (K) in a group (G)
- the number of different corsets in the decomposition

G-- UU Ka
AE G

Lagrange then
TL8.5 Assume that G is a finite group .

y
IGI is the ordet

IGI = I KI EG: K] of G


